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　　　　　　　　　　　　　　　　　　1. Introduction
　Ｋ. Ｃ. Millett〔3〕has proved the following theorems.
　Theorem. If (α、β) is a numerable Euclidean bundle、 thenαis fibre homotopy equivalent
tｏβ田l、（α、β）、whereν（α、β）iｓ the homotopy normal bundle of βinα.
　Theorem.　If ｙ : Ｍ ” →Ｎ゛゛゛ is ａ locally flat immersion of topologial manifolds、 then
f*t(.N) is fibre homotopy equivalent to 八訂）思召y｀）、where vif) is the homotopy normal
bundle of ｆ
　Theorem.　If ｙ : ｊ･f→Ｎ　ａnd ｇ: Ｎ →P are locally flat immersions、then 1ﾉ（gj）
is fibre homotopy equivalent t0 1.（丿田y｀＊人ｇ）.
　The purpose of this, paper is to prove the following two theorems.
　Theorem. Ifα、βare numerable Euclidean bundles、 thenαis fibre hbmotopy equivalent
to y (αのβ、β）.
　Theorem.　Ｈヽ（α、β、r) is a numerabie Euclidean bundle、 then via、r) is fibre homotopy
equivalent tｏ人β、り田沢α、β）.
　The proof is based on Millett 〔3、Lemma ３‘.2、Lemma ３.3〕.　　　　　　　・.
　　　　　　　　　　　　　　　　　　　　　2.Cone bundles　｡　　　　　¨
　Let (X、Y) be ａ pair of topological spaces. The open cone pair、
　　　　　　CoCX、ｙ)＝(Co(Ｘ)、Co(ｙ))
is the pair　(χ×(O、・・)/χ×(O)、ｙｘ(O、・・)/ｙｘ(O)).
GoCF) is always given the induced topology from むo(χ).ln particular、Co(Ｓ”“-1、s"-')
is homeomorphi c to (刄”“、iJ").
　We make the following definitions.
　Definition 1. ACoiX、Y) ―microbundle、(α、b) is
　(1) a ｐ３ｉへofmaps
　　　　　召こ(£ｚ、£ｙ)土召
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the open cone CoiX,
ａ local trivialization.
y)、with cone point、＊、as base point、and
{玖、瓜}χcA such that ｙχis an open subest of Ex
　　　U pCVj = B　　　　　‥
and /j＼is ａ homeomorphi sm such that
　　　　　　　　　　　　　　ＶＸｒ､（£ｚ、盆､･、£ｚ）
ﾉヶﾌﾞ↑。 ＼y!
P(.Vk')-xCo(X, Y, Z)
/
がＶＸ）
　commutes、where c・(ｚで)= {x、＊ｙ
　Ａ microbundle is said to be numerable if the cover of 召、φ(び入)}＼s/l、induced by the
　“localtrivialization”、is numerable in the sｅｎ‘seof Dold〔1〕、i.e. it admits ａ refinement
by ａlocally finite partition of unity 〔2〕.
　Note.
　(1) Every microbundle over ａ paracompact space is numerable 〔1〕.
　(2) Let ｇ : ず→召ｂｅ ａ map and （α、b) a numerable microbundle ovｅｔＢ、then (g*a、
g* b) is a numerable microbundle over B'〔2〕.
　Next let（兄　ｙ、Z) be ａ triple of topologic芦1spaces　如d、Co (X、ｙ、Z) an open cone
triple、where χ⊃ｙ⊃Ｚ.　　　　　　　　　　　　　　　.　‾
Definition 2. ｊ４Cocx, y.、Z) ―microbundle、（４、b, c) is
田　ａ pair of maps
　　　召一
仁（Ｅχ、Ｅｒ、£ｚ）ム召
such thaｔ　j）i°iｄ
??
??
?
the open cone Co (X Y, Z), with cone point。*, as base point, and
ａ local trivialization, {Vx, IlK八eA such V＼ is an open subset of Ｅ.Ｙ,
　　ＵがFa) = B,
　　＼eA
and h＼ is ａ homeomorphi sm such that　　　　　　　.
　　　　　　　　　　Ｖ入n (£jri Er'
　　　　　　ilﾀﾞjjﾝ／／゛゛'　　　　　　　　
＼
ＩＶＸ
　　　　　がｙλ)　　　　　　　　　　　
1
,みχ　　　　　　　　　　　μｙχj
　　　　　　犬　／
　　　　　　　　　　P(.Vk)-xC<,{X, V)
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　commutes.
　Definition 3.. Ifαis any cone bundle.with section, ia, let a. be the bundle,　Ea' 　―　Ｅ｛ｔ
－ゐ（召). Two cone bundles,αand　β, over　お　are ｓai‘dto be fibre homotopy equiva!ent
if there eχist fibre maps　　　　　　　　　　　　　　　　　　.‘ ’　　　　　　　　　/　　゛＼..｀
/:(Ｅａ， Ｅぷ，　ｉＡＢ))ヰ(Ｅｐ． Ｅβf，ip(s)):耳
　such that y｀ｇand ｇ／ are homotopic to the approprite identity maps, through hoinotopies
of the triples which respect the fibre structure.
　If (a, /9) is a CoCX, y)-bundle over召there is an associated CoCX-Y)-bundle whose
total space is given by {Ex一五ｙ)Ｕら(召).ln　particular, associated to every　Co(ダ“-1，
Ｓ”-1)－bｕndle(ｏｒ(刄”“，Ｒ”)-bundle)に(ａ， ;8), there is ａ　Co (ダリ‾1－ダー1)一bundle)
lﾉ(α，β), the homotopy normal bundle of,βinα｡The homotopy normal bundle,　りla，。β)，
always ｅχists.　　　　　　　　　　　　　　　　　　　　　　　　　　。　　　　　　　　　　　　l　　　　，.
　Now　we can　prove　the following two　theorems･(compare Millett 〔3･ Theorem ３，1･
Theorem･4.7]).　　　　　　　　　　　　　　　　　　　　　　　●，●，
　Theorem ４. Let a,βbe numerable Euclidean bundles over B. Then a is石bre homotopy
equivalent to レ（αｅβ，β）.　　　　　　　　　　　”‘
　Theorem ５. Let (α，β，γ）ｂｅａ numerable Euclibean bundle ovｅｉＢ．　Then ｐ（α, r) 's
　　　　　　　　　　　　　　　　“　　　　　　　　　　　　　　　　・,j
fibre homotopy equivalent to レ（p．　Ｔ) e≫(α，β）プ
　The proof of these theorems is an application of following　lemmas of Milieu 〔3〕and
an extension of Dold 〔1〕，〔3〕.
　Let ’p't : ji”“ →72""* be given by　　　　　　　　　　’
p't ix, y') =
(x,
(1
　wheｔｅ　エｅＲ”， ｙＥＲ゛
containing it.
岫　　　　　　　　　‥
Fix ａ point, b　ｅＢ， ａｎｄ･choose ａ local coordinate patch
　　Lemma ６ (Millett〔3, Lemma ３.2〕で).If (a, B) is ａ numerable Euclidean bundle over
B, there is a fibrewise strong deformation retract pらof　£･ｓ onto　Ｅｂ,which is a fibred
homeomorphism for O≦Zく1 and which agrees with
io't
over Z。with respect to the chosen
coordinates.
Next let　ゲ1 : jｒ゛ -゛→ji”“ be given by
　　　　　V'tix,y) =i＼-A＼-s(.x, y) )){x, y)
　where s{x, y) ― min (･llv II, 1)..
　Lemma ７ (Millett〔3, Lemma ３.3〕).
召, then there is a fibrewise deformation,
lf（α,β）iｓ　ａnumerable Euclidean bundle over
r.t, of (α,β）sｕch that・
????????????
ー????
???
(5)
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Va = id
η1(£β)⊂以召)．
恥is ａ homeomorphism. for O≦t < 1 which is the identity on ｉ。(,Ｂ｀).
仇is ａ homeomorphi sm on Ｅｖ(＜＊,β)for 0≦Z≦1.
７７ｃａｎｔｅeswith 刀″ｂ０ｖｅｔ　b．withrespect･to the chosen coordinates.
　Lemma ８ (Dold〔1〕, Millett〔3〕). Suppose that (ａ，　S)and ia≒β’）　are numerable
Co（兄y)-bundles over B and /is ａ map such that
　　　　＆ｓ,β）
三
五ぶ，β’）　　　　　　　　　ス
　　　　タ↓↑ｉ　　　ｆ↓↑ｉ”
　　　　　３
里　
３　　　　　●　●.　　　　　　　　　　　　．
　commutes and is a fibre　homotopy equivalence over each びχ of ａ numerable covering 76f
召．　Then,ダis a fibre homotopy equivalence.　　　　I
　Proof of Theorem ４. Let　pt be the deformation defined by applying Lemma ６　to
　(αｅβ，α).The fibre map
　　　　　ｇ:£ｗ。GE)β，β，→Ｅ。＼a defined by
　　　　　ｇ(ｇ)＝ρ1(。).
　Now the Ｕｘ may be taken to be ａ common numerable local trivialization cover of 召.
To see that g is a fibre homotopy equivalence over r八it is sufficient to verify that it is a
fibre homotopy equivalence over ＆∈召. Since ｇ is representable ovｅｒ　b, with respect to
the chosen coordinates, by
fO'iCe), this can
be proven by Lemma ８.
　Proof of Theorem ５. Ｌｅtηt be the deformation defined by applying Lemma ７ to (α,β)，
St, deformation defined by the lemma to (fl,r) and pc the deformation defined by applying
Lemma ６ to (α,β).The fibre map
　　　　　ｇ:E-ria,y)→£ｙ(β,r) cv(・,β)　is defined by
　　　　　e-(e) =｡(∂1ρlie),η1(り).　The proof is concluc!ed by applying Lemma ８ as the
proof of Theorem ４.
ろTopological manifolds
　Let /1で”andj,1”゛“betopo】ogicalmanifolds and
ｆ-Ｍ→Ｎ ａ locally flatembedding or immersion.　　　，
　Proposition 9. CMilnor〔4〕）.
　　　∠l　　　　　　nχAf→MXM -・M is　ａ　mumerable　ji”一microbundle> tilぼ), called　the　tangent
microbundle of M.
　Proposition 10. (Millett〔3〕）.
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M is ａ numerable (R"゛ｉ，ji”)一卜!icrobundle･(ｙ＊z(Ｎ＼　t(Ｍ))・
called the induced microbundle ofｊ
よ二三ニフタ→ｙ゛i゛゛be　ａ　locally　flat　embedding　or　immersion　of
The homotopy normal bundle of ／is defined by v(/) =べf*t(.N), tCM)).
Let　／×Ｏ：λΓ→Ｎ７゛４×R" be given by
(／×0)(£べ/ (x). o)
　Corollary 12.　1f t(.M) = s”(M) (where汽M) denotes the trivial ji”―microbundle over
M, then f*tW) is fibre homotopy equivalent to ν(y｀×O).
　Proof. Ｓｉｎｃｅ(ｙｘO)＊Z(ＮＸ刄”)＝ｙ＊Z(Ｎ)ｅＥ”(Ｍ)，1,(ｙｘO)is fibre homotopy equivalent
to f*t(N).
　Corollary 13. Ii．／:Ｍ→N is ａ locally flat immersion and
f*t(.N) =t(.M) eべM), thenレ(/) is fibre homotopy equivalent to ｊ(如，G(ｙ)is called
fibre homotopically trivial).　　　　　　　　　　　　　　　　　　　　'
　Corollary14 (Millett C3, Theorem 4.7]). If/:Ｍ→Ｎ匹d g:Ｎ →P are locally
flatimmersions, i'(gf) is fibrehomotopy equivelentto vif) Rf*vig-).
Proo£　Apply Theorem ５ tｏ((ｇ／)＊Z(ｐ＼f*t(N), t(M)j
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